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ABSTRACT 



It has been proposed that gauge and Kahler anomahes in four-dimensional type IIB ori- 
entifolds are cancelled by a generalized Green-Schwarz mechanism involving exchange of 
1^ - twisted RR-fields. We explain how this can be understood using the well-known duality be- 

^j] ! tween linear and chiral multiplets. We find that all the twisted fields associated to the M = 1 

5^ \ sectors and some of the fields associated to the M = 2 sectors reside in linear multiplets. 

But there are no linear multiplets associated to order-two twists. Only the linear multiplets 
contribute to anomaly cancellation. This suffices to cancel all U{1) anomalies. In the case 
of Kahler symmetries the complete SL{2, IR) can be restored at the quantum level for all 
planes that are not fixed by an order- two twist. 
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1 Introduction 

Anomaly freedom is one of the basic requirements for gauge theories. At first sight, a 
gauge theory can only be consistent if the charged matter content is precisely such that 
all anomalous one-loop diagrams vanish. However, in low-energy effective theories of string 
theory there is another possibility. The anomalous one-loop diagram can be cancelled by an 
additional interaction which in the effective field theory appears as the tree-level exchange 
of a field coupling to the gauge fields in exactly the right manner. In the seminal work of 
Green and Schwarz |I| it is shown how the hexagon anomalies in D = 10 are cancelled by 
the exchange of the NSNS 2-form B. In D = A B is dual to a scalar (p which has axionic 
couplings. The special interactions between and the gauge fields indeed cancel the triangle 
anomalies 0. Only U{1) anomalies that are universal with respect to the different gauge 
group factors Ga (i.e. the coefficient of the G^f/(1) triangle diagram is independent of a) 
can be cancelled by this mechanism. Incidentally, all gauge anomalies in four- dimensional 
heterotic vacua are of this form. 

The situation is different in type I vacua where non-universal U{1) gauge anomalies 
appear. As string theory is believed to be consistent, there must be additional interactions 
that cancel these anomalies. In 0, Q a generalized version of the Green-Schwarz mechanism 
was proposed which cancels the U{1) anomalies in D = 6 via exchange of twisted RR fields 
(explicit calculations for many models are performed in |^). The authors of applied this 
idea to type IIB orientifold vacua in D = 4 and showed that all anomalies can be cancelled 
this way. They also pointed out that anomalies of the invariance of the effective theory under 
Kahler transformations can be cancelled by the same mechanism 0. 

In the present article we explain how the anomalous transformation of the twisted RR 
axions, which are responsible for anomaly cancellation, can be understood by considering 
the Chern-Simons couplings of the RR 2-forms. In the next section we show that the RR 
2-forms which appear in the twisted spectrum of type IIB orientifolds belong to Af = 1 
linear multipletsQ L^''\ where k labels the twisted sectors. We find that all sectors except 
the k = N/2 sector (for even N) contain linear multiplets. The two crucial ingredients for 
this generalized Green-Schwarz mechanism to work are a Chern-Simons modification of the 
field strength associated to the RR 2-form and an additional term / cPOd^O Y,k ^^'^^ ^^ilkV) 
in the D = 4 effective Lagrangian {V is the vector multiplet corresponding to the anomalous 
U{1) and 7a,. is the matrix representing the twist on the gauge indices). Both terms can be 
derived from string theory by considering either "branes within branes" [|ll|] or by using the 
inflow mechanism [Q (for D = 6 the relevant couplings are calculated in ||T3|). 

A linear multiplet L^^'^ is dual to a chiral multiplet M'-*^-' in the sense that there exists an 
equivalent description of the theory in terms of M*^^) ||l^ , p!0[| . Translating the Chern-Simons 



modification of the RR field strength and the L^'^^V term to the chiral basis, one finds that 
the M^''^ couple to the gauge fields just in the right way to cancel the anomalies. This is 
discussed in section 3. 

In section 4 we apply this method to Kahler anomalies and argue that a coupling of the 
form / d?6(P0 '}2i,k c^l^^'^^ ln(Tj + Tj) must be present, where Tj is the chiral superfield which 

^Some useful facts about linear multiplets are assembled in appendix A; see also P, |9| p^. 



parameterizes the Kahler class of the i-th complex compact plane. This leads to a non-trivial 
transformation of the dual chiral multiplets of twisted states M^'^^ and cancels the Kahler 
anomalies. More precisely, only the Kahler symmetries corresponding to complex planes 
that are not fixed under an order-two twist can be restored at the quantum level by this 
mechanism. However, an order-two twist implies the existence of D5-branes. The coupling 
of the T3 (we chose the third complex plane to be fixed under the order-two twist) to the 
D5-brane gauge fields explicitly breaks the Kahler symmetry for the third plane. Therefore 
one cannot expect an anomaly cancellation for this plane. In contrast to the situation in 
heterotic string vacua, the full 5'L(2,1R) symmetry seems to be preserved for fixed planes 
which are not fixed under an order- two twist. 

In section 5 we give the low-energy effective Lagrangian describing the interactions of 
the moduli (dilaton, twisted and untwisted moduli) and the gauge fields. We determine the 
values of the Fayet-Iliopoulos terms and the masses of the (pseudo-) anomalous gauge bosons. 

An appendix summarizes useful results of A/" = 1 supersymmetry, concerning linear 
multiplets and D-terms of general chiral Lagrangians. 



2 Massless twisted spectrum of type IIB orientifolds 

In this article we consider compact Zn orientifolds (see [^, |l6l and references therein). 
They are obtained from the ten-dimensional type IIB theory by compactifying on a six- 
dimensional torus and projecting onto Zj^- and ^'-invariant states. Here Q' = QJ, with 
fl the world-sheet parity and J an operator acting on the twisted sectors [^ as explained 
below. For consistency one has to add twisted closed strings and open strings. The compact 
dimensions form a six-torus T^ = IR^/A, where A is a six- dimensional lattice chosen such 
that the generator 6 of Zn acts on it as an automorphism. Acting on A, 6' is a (6 x 6) integer 
matrix. Its action on the coordinates of T^ can be diagonalized over the complex numbers: 
6 = diag(e^'^™i, e^'^*"^, e^'^™^), where we grouped the coordinates of T^ into three complex 
planes. The twist vector v = (fi,f2,t'3) is chosen such that < \vi\ < 1 and J^i'Vi = 0. In 
general there are different lattices A, on which a twist 6{v) acts as an automorphism. The 
orbifold is defined to be the space T^/Zn, whereas the orientifold includes an additional 
projection of the strings moving on the orbifold onto ^'-invariant states. All possible Z^- 



twists 6 and lattices A leading to D = 4, f/ = 1 orbifolds have been classified in |18|. In |16 
it was found that of the possible Zjy models only the ones shown in table |I] lead to consistent 
type IIB orientifolds (i.e. the tadpoles can be cancelled). 



The massless spectrum of these models has been determined in |16|. However in the 
twisted sector only the number of states is given. In addition, for each twist 6{v) only 
one possible lattice (implicitly assumed as factorizable) is considered. As we are interested 
in the precise J\f = 1 multiplets containing the twisted states, we rederive the spectrum by 
considering the cohomology of the compact orbifold space I^S], |19|, ^ . This method was used 



in pT| , P^ to obtain the massless spectrum of twisted states of orientifold models in D = Q 
and D = 4. The orbifold cohomology is encoded in the Hodge numbers /i^'^ = dim if ^'^, 
where if^'^ is the space of harmonic {p, g)-forms. For six-dimensional compact orbifolds (i.e. 
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1(1,1, 


-2) 


Ze 


1(1,1,-2) 


Z7 


Kl'2, 
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z^ 


1(1,-3,2) 






Z12 


^(1,-5,4) 



Table 1: Zn actions in D = 4. 



D = 4 non-compact dimensions) one has 
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(2.1) 



Here h^'^ and /i^'^ are the numbers of Z'jv-invariant (1, l)-forms and (2, l)-forms of the six- 
torus. There are additional contributions h^^ and h^^ from the twisted sector. 

The bosonic fields of type IIB theory in Z) = 10 are the dilaton cp, the metric g and a 
2- form B from the NSNS sector and a scalar C(o) , a 2- form C(2) and a 4-form C(4) from the 
RR sector. Under the world-sheet parity ip, g and C(2) are even, the other fields being odd. 
In the untwisted sector Q' = Q and therefore the bosonic fields in D = 4 are obtained by 
contracting the Lorentz indices of (p, g and C(2) with the harmonic forms of the orbifold. 
From /i°'°, /i^'°, /i°'^, h^'^ one gets the D = 4 graviton, dilaton and antisymmetric tensor. The 
latter two fields (together with the corresponding fermion) form an TV = 1 linear multiplet. 
From the remaining harmonic forms one finds h^'^ chiral multiplets Tj corresponding to 
deformations of the Kahler class and h'^'^ chiral multiplets Ui corresponding to deformations 
of the complex structure. 

Let us now consider the twisted sectors. For the fc-th twisted sector there is a singular 
subspace Aik which is fixed under the action of 9''. The cohomology -fffltwisted ^^ ^^i^ space 

k Vi mod Z, such that 
consist of the set of fixed points of the orbifold. 
k.. u n +v,„ r,^„„„o A/<. „v.^ x/i.. . consist of the 

1, n/v_A. = 2 



contributes to H^+^k,Q+nk Qf ^^j^g orbifold, where n^ = J2i ^i and 

^ <^Vi < 1. The spaces Mi and M 

More generally, for twists 6^ 

set of fixed points under the action of 9^ 



such that all '^Vi 7^ 0, the spaces J^k and M.n 



For such k < N/2 one finds rik 



(with two exceptions, explained below, where nk = 2, n^^k = 1)- If tJi = for some i, then 
the i-th complex plane is fixed under 6^. In this case the spaces M.k and A^at-zc consist of 
the set of fixed planes. For such k one finds Uk = n^-k = 1- Denote the number of 6^ fixed 
points by fk (if ^Vi 7^ 0). If '^Vi = for some i let fj. be the number of 9'' fixed planes. On the 
other hand we define /^ to be the number of O'' fixed points of the four-dimensional space 
consisting only of the two rotated planes (i.e. the compact space without the z-th plane). If 
the lattice A splits into a direct sum (over the integers) of sublattices, A = / © J, such that 
I is fixed under 6'^ and this block structure is preserved under 6^, then /^ is just given by 



/^ . As noted by the authors of |T8[, this condition is not always satisfied, leading (in some 



cases) to a smaller value of /^. However, we will restrict ourselves to lattices satisfying this 
condition. These are the ones that were discussed in [ffBl 0, 1^]. 



Write the contribution of the twisted sectors to the cohomology as h 



tw 



2^k=l "'k ■ 



If 



the greatest comnion divisor of k and A^, gcd(fc,A^), is a prime number and for k < N/2 
such that all '^Vi 7^ 0, we find 

hl'^ = h%\ = fi + — TTT-iTTT, K''^ = for all other {p, q). (2.2) 

If gcd(A;, A^) = pg, with p, q prime numbers (which is only possible for A^ = 12), this is 
modified to 

,1,1 _ ,2,2 _ r I Jp ~ Jl , Jq ^ Jl , Ik ~ Jl — [jp ~ tl) '~ [fq ~ /l) /r, Q\ 

K -V-.-/i + ^^ + ^^ + • (2.3) 

Here we used the fact that on a point one can only define a (0, 0)-form. If gcd(A;, A^) 7^ 1, 
then only /i of the fk 0^ fixed points are invariant under Zjsf. The remaining [f^ — /i) fixed 
points transform under a Z^cd(k,N) (resp. Zp or Zq if gcd(fc, A^) = pq) subgroup of Z^. One 
can however form linear combinations of gcd(/c, A^) fixed points that are invariant under the 
whole Z^. Note that /i^' = for k > N/2 and hjj = for k < N/2, with two exceptions. 
This means that for k < N/2 the h^_j^ forms furnish the antiparticles corresponding to the 
particles from the /i^' forms. The two exceptions are the k = 3 sector of Z'7 and the k = 5 
sector of Z12, where the particles come from the (A^ — k)-th sector (i.e. hj^_j. 7^ 0) and the 
antiparticles from hfj . 

In the case of fixed planes one has to consider the torus cohomology which is h^'^ = h^'^ = 
^0,1 _ ^1,1 _ ]^ rjj^g ^Q^ 0)-form and the (1, l)-form are Z^Ar-invariant but the (1, 0)-form and 

the (0, l)-form generically transform under a Z^ subgroup of Z^. If ''Vi = 0, then /} is the 
number of tori that are fixed under the whole Zj^i. Again one can form linear combinations 
of the the other 6'^ fixed tori and of the forms defined on them that are invariant under the 
whole Ztv- In total, one finds for gcd(A;, A^) = pq (if gcd(/c, A^) =prime, set q = I) 

f(i) Ai) fit) f{i) Ai) Ai) I fii) /(*)\ I f(i) f{i)\ 

,1,1 _ ,2,2 _ r{i) I Jp Jl I Jq Jl I Jk ~ h - Up Jl ) - [Jq Jl ) 

l^k — "-A: — Jl "^ ^ ^ ' 

p q pq 

^ = h]f = h^-f?, (2.4) 

hF^'^ = for all other {p, q). 

For the orbifolds of table |I] we find the twisted Hodge numbers listed in table ^ (For 
completeness we added the untwisted Hodge numbers in the last column.) 

The twisted bosonic fields of the D = A theory are obtained by contracting the bosonic 
fields in D = 10 with the additional harmonic forms from the twisted sectors. Now the 
operator JmVt' = QJ is important because it exchanges the sector twisted by 6'' with the 
one twisted by ^^^^ |l^. To get an r2'-invariant result, one has to contract the fi-even 
fields g and C(2) with the J-even linear combinations of harmonic forms from the k-th and 
(A^ — A;)-th twisted sector and the f2-odd fields B and C(4) with J-odd linear combinations 
of harmonic forms. 



From the twisted sectors with no fixed planes one finds /i^' scalars in D = 4 from the J- 
even sector and the same number of antisymmetric tensors from the J-odd sector. Together 



Z3 


hY = 27, /i2'^ = 


^tw =27 


/ii'i = 9 


Ze 


/^I'l = 3, /i^-' = 3 + 12, h'/ = 1 + 5, /i4/5 = 

72,1 p. ,2,1 PI 
"■3 — -35 "-1/2/4/5 — U 


/^tw' = 24 
ht' = 5 


/ii'i = 5 


z^ 


/i}'^ = 12, /i2'^ = hl'^ = 3 + 3, /ig'^ = 4 + 4, hl'^ = 
/i2'' = hl'^ = 3, /is'' = 4, /ii/5 = 


/^tw' = 32 
/^tw' = 10 


/ii'i = 3 

/l2'l = 1 


Z7 


/i}'^ = 7, /.^'^ = 7, h'/ = 7, /ij^^/e = 


/^tw' = 21 


/ii'i = 3 


Z12 


hi = 3, /i2' = 3, h^' = hg = 1 + 1, /i4' =3 + 6 

hl'^ = 1 + 1 + 2, hl'^ = 3, /ij/g/io/ii = 

/,2,i _ ;,2,i _ . > 2,1 _ . ^ ,2,1 _p 

Aig — Aig — i, Aig — i -1- Z, 'ii/2/4/5/7/8/10/11 ~ "^ 


/^tw' = 26 


/ii'i = 3 



Table 2: Twisted (and untwisted) Hodge numbers of Zjy orbifolds. 



1,1 



with their fermionic partners they form /i^'^ A/" = 1 hnear multiplets. If there are fixed planes, 
one has 2(/i^' +^fc' ) scalars from the J-even sector and hjj scalars, /i^' antisymmetric tensors 

9 1 1-1-1 

and hp.' vectors from the J-odd sector. Together with the corresponding fermions these fields 



1,1 



2,1 



form (/i^' +/i^' ) chiral multiplets, /i^'^ linear multiplets and h^'^ vector multiplets ii k j^ N/2. 
These fit into h/j Af = 2 hyper multiplets (consisting of two Af = I chiral multiplets), hf^' 
M = 2 vector-tensor multiplets |^3[ (consisting of an A/" = 1 vector and an A/" = 1 linear 
multiplet) and {h^J — hgj ) Af = 2 linear hyper multiplets (consisting of an A/" = 1 chiral 
and an A/" = 1 linear multiplet). For k = N/2 there are no J-odd linear combination of 
harmonic forms and therefore in this case only the (/i^/2 + ^iv/2) chiral multiplets appear in 
the D = A twisted spectrum. 

Adding the contributions from the twisted sectors k = 1, . . . , rA^/2] (because of the 
orientifold projection the sectors k > N/2 give no independent degrees of freedom) we find 
the following twisted fields, table 3. 

To understand the role of the twisted fields in the anomaly cancellation mechanism, it is 
important to note two facts: First, all twisted fields associated to twists that rotate all planes 
appear in A/" = 1 linear multiplets. Second, in the twisted sectors with fixed planes only some 
of the fields are in A/" = 1 linear multiplets and all of them appear in the k 7^ A^/2 sectors. 



^The spectrum of the fc-th twisted sector with ''vi — can also be understood by compactifying on a 
four-dimensional Z„i orientifold |l5, 21|, with m — N / gcd(fc, TV), and then dimensionally reducing on a two- 
torus. For the fc'-th twisted sector of the Zm orientifold the authors find f^ + {f^^i — fk )/ gcd(A;', m) D = 6, 
JV = 1 hypers and, if k' 7^ 171/2, the same number of additional tensors (a k' ^ to/2 sector exists if to. 7^ 2, i.e. 
k 7^ N/2). From these, /{ = {h^,' — h^,' ) correspond to Zjy fixed points in the four-dimensional compact 
space. The remaining multiplets can be grouped into /i^,' different .Zjv-invariant linear combinations. From 

each of the /^ D = 6, M = I hypers and tensors only half the states are ^TV-invariant (in terms of D = 4, 
A/" = 1: a linear and a chiral multiplet). The /i^,' linear combinations of twisted states reduce to Af — 2 
hypers and vector-tensors in Z? = 4. (The latter are equivalent to Af = 2 vectors because an antisymmetric 
tensor is dual to a scalar in D = 4.) 





sectors without 
fixed planes 


sectors with 
fixed planes 


Z3 


27 lin. mult. 


— 


Ze 


18 lin. mult. 


11 chir. mult. 


Z[. 


12 lin. mult. 


21 chir. mult., 6 lin. mult., 3 


vector mult. 


Z7 


21 lin. mult. 


— 


Z12 


18 lin. mult. 


10 chir. mult., 2 lin. mult., 1 


vector mult. 



Table 3: Twisted fields (A/" = 1 multiplets) of Zn orientifolds. 
We will see that only A/" = 1 linear multiplets can contribute to anomaly cancellation. 



3 Gauge anomaly cancellation 

It is well known that the D = A version of the Green-Schwarz anomaly cancellation mech- 
anism [0 is closely related to the equivalence between the linear and the chiral A/" = 1 
supermultiplets. More precisely, in the heterotic string the transformation of the chiral dila- 
ton superfield that cancels the anomaly can be understood by starting with the linear dilaton 
multiplet that appears in the string spectrum and then translating the Lagrangian carefully 
to the description in terms of a chiral field (see e.g. |24, 25, ^). In the present article 
we apply this method to the anomaly cancellation mechanism in A/" = 1, -D = 4 type IIB 
orientifolds P, 0. The new features are that several linear multiplets are involved and that 
their vacuum expectation value is not related to the string loop expansion but rather to the 
blowing-up of the orbifold singularities. 



3.1 Purely bosonic case 

We start by reviewing the D = 4 Green-Schwarz mechanism as it can be derived from 
the equivalence between an antisymmetric tensor i?^i, and a scalar (p without making any 
use of supersymmetry.0 Start from an auxiliary Lagrangian describing the interactions of a 
non-dynamical field Y^ with the antisymmetric tensor and several gauge fields: 



c 



Y Y^ 

I. ^^ 



Y.e^-p'^d.B^, + 2h'~^\Y, + 634°^)^ 



(a)^l 



+63FW5M- _ tr(FWF('^)'^'^). 



(3.1) 



^In this and in the next subsection we foUow the line of reasoning of ||1C 



Here bi, 62 > ^3 ^^^e dimensionful coupling constants. The gauge fields A^""^ correspond to 
different gauge group factors Ga (which can be Abelian or non-Abelian); a sum over a is 
understood. We choose Gq = U{l)x to be the (pseudo-) anomalous symmetry. Q^"-^ is the 
the Chern-Simons 3-form associated to G„: 



«P = tr (^[;^a.4f - |A[;)4^)4f ) . (3.2) 



A tilde denotes the Poincare dual 

~ 1 1 ~ 1 

^ o. o. 

where H is the modified antisymmetric tensor field strength 

^^.p = 5[^5H + 4"^Qi"i- (3.4) 



Useful identities are 



a^gWA* = itr(F(e)F('^)'^'^), (3.5) 



H^H, = -^H'^-^^H^,,. (3.6) 

The Lagrangian ( |3.1D contains no kinetic terms for Y and B. Therefore these fields can 
be integrated out using the equations of motion. By varying with respect to F or i? two 
equivalent ("dual") descriptions are obtained from C. 

(1) From 6yC = one finds 

Y^ = h^e^-p-d,Bp^ + 26^"^Q('^)'^) = h^H^^. (3.7) 

Inserting this into ( |3.1| ) gives 

/:^ = IhH.H^^ + hFl^jB^'' + 263&5"^g!rM(°)'^ - 4-^ tr(F(^)F('^)^^), (3.8) 

with H = dB + 62 Q^"^ This is the usual Lagrangian describing an antisymmetric tensor 
coupled to gauge fields via Chern-Simons terms plus two additional terms proportional to 
63. They are crucial to cancel the U{l)x anomalies. 

(2) If instead one requires 5b£^' = 0, one finds e^"^'^ {—d^Yfj_ + b^dfj^A^^) = 0, which is 
solved by 

Y, = ^d,<j) - b,A^^\ (3.9) 

where is an arbitrary function. Inserting this into ( |3.1| ) gives after some simple algebra 

^'^ = -^s^,<i>-2bsA(^^){d^<i)-2b,A(''>n'TytT{F;^:^F'^^^n-¥2^ (3.10) 

The theory described by this Lagrangian is equivalent to the one described by ( |3.8| ), and 
in this sense the scalar (p is dual to the antisymmetric tensor B^i,. The normalization for 



(f) in ( |3.9|) is chosen such that a canonically normahzed kinetic term for B^^, in (|3.8|) , i.e. 
61 = 1, imphes a canonically normalized kinetic term for in ( p. 10 ). In our conventions B^^, 



is dimensionless, A^ and H^,yp have dimension of mass, F^^, and (j) have dimension of mass 
squared, Qfj,up and YJ^ have dimension of mass cubed. This implies that the coefficients 61 
and 63 have dimension of mass squared and 62 has dimension of inverse mass squared. 



The first term in (|3.10|) tells us that (f) transforms non-trivially under U{l)x gauge trans- 
formations: 

M!f^=5^e => S,<f) = 2he. (3.11) 

One observes that the presence of the Chern-Simons term in the antisymmetric tensor field 
strength H = dB + h^Q^"''^ in (|3]|) leads to the 0tr(FF) term in (|3l0| ), and the h^F^^^B 
term in (|3.8| ) leads to the transformation law ( p.ll| ). 

The variation of C^ under a U{l)x transformation is given by 



327r2 



Here A^""^ is the coefficient of the (Ga)^f/(l)x triangle diagram, A^""^ = Y.nQnT(jV), where 
the sum goes over all fields transforming in representations TZ under G^""^ and carrying U{l)x 
charge q-n- The generators AL-, of Ga are normalized to ti^M^X-',.) = d'^K 



Using (|3.11|) one sees that all U{l)x anomalies are cancelled if 

&f^&3. (3.13) 






327r2 

In the heterotic string in D = 10 the Chern-Simons modification of the antisymmetric 
tensor field strength is fixed by the supergravity algebra [^ and leads to an almost universal 
coefficient 63 = —k^^^a'/A in D = 4, depending only on the Kac-Moody level k^'^\ The 
explicit string calculation p8[ shows that at one loop the terms proportional to 63 in ( |3.8| ) 
are indeed generated and that the coefficient is 63 = —A^"'y{k^"'^87r'^a'), independently of a, 
which is just the right value to cancel the anomalies. 

For the case of type IIB orientifolds we need to generalize the above formulae to in- 
clude several antisymmetric tensors B^j^\ where k labels the different twisted sectors k = 

1, . . . , ^^^ and / = 1, . . . , fk counts the fixed points^ of each twisted sector (in general 
not all of these fields are independent). The k = N/2 sector (for even N) is excluded, be- 
cause we saw in the previous section that it contains no antisymmetric tensors. Only certain 
linear combinations of the antisymmetric tensors are involved in the anomaly cancellation 
mechanism. We define 



Ik f 



''Here we restrict ourselves to the the antisymmetric tensors from the twisted sectors with no fixed planes. 
We will see that only in one case, namely the second twisted sector of Zg, fields associated to fixed planes 
contribute to anomaly cancellation. 



From the study of RR forms and their couphng to D-branes it has been found that in the 
presence of gauge fields on the D-branes the RR field strengths are modified by Chern-Simons 



terms (see e.g. [11, fH]). In our case of twisted RR 2- forms we have 



^£'/^ = 5[.<i^^ + ^kC2 E Q^'fJ => Hfl = 9[,i?fj + e,c, E /AQ^tp), (3.15) 



a a 

where C2 is a normalization factor of mass dimension —2 and e^ is a sign, that will be deter- 
mined below. The Chern-Simons form now depends on the twist matrix 7^ that represents 
the action of 6^ on the gauge indices, 



The study of RR forms also shows |TT|, [13[ that terms of the form tr(7fcexp(iF)) A C 



appear in the effective action, where F is the gauge field strength 2-form, C is the sum over 
RR forms of different degrees and it is understood that after expansion of the exponential 
only the terms with the correct total form degree are kept. For us of interest is the term 
coupling the RR 2-form to the (pseudo-) anomalous f/(l)xQ: 

C3tr(7.^F^°))S(')'^^ (3.17) 

where C3 is a normalization factor of mass dimension 2. 

In the conventions of [|T^] the 7fc's are parametrized by a 16-dimensional shift vector V and 
a 16-dimensional vector H containing the Cartan generators of S'0(32): 7fc = exp{—2TTikH ■ 
V). The trace over the product of 7^ with the gauge group generators A(a) is easily calculated 
to give 0: tr^jk^fa)) ~ cos(27r/cV^) and tr(7fciA(o)) = 2nxsm{27ikVx)- Here Va is the 
component of the shift vector V corresponding to the gauge group Ga and nx is the rank 
of the non-Abelian group in which U{l)x is embedded. Comparison with ( p.8| ) where we 
normalized the traces to one leads to the identification 



br"' = ekC2Jfk cos(27rA;K), b^ = 2nxc^ sin{2'KkVx). (3.18) 



In direct generalization of the equivalence between the Lagrangians ( |3.8| ) and ( |3.10| ), we 
find that the effective theory describing the RR 2-forms, 



;^tr(F(^)F('^)^^), (3.19) 



where Q*-"-* (in contrast to Q^'^'"'^ in ( p.l5|) ) is defined and normalized as in (|3.2| ), can equiv- 
alently be described in terms of scalars 



k 

y tr(F^^)F('^)^") - E |&2^'"V^^'^ tr(FJ^)F(")'^'^). (3.20) 



^9f ^ 



""For simplicity we assume that only one U{1) factor is anomalous. The generalization to several anomalous 
[/(l)'s is straightforward. 
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Here and in the following the sum over the twisted sectors runs over k 
It is easy to see that all f/(l)x anomalies are cancelled if 



Af-1 



, yb^'^^^b^'K (3.21) 

327r2 V 

For D = A, J\f = 1 type IIB orientifolds the anomaly coefficient A^"''' introduced above can 
be calculated as a function of the shift vector V and is given by 0Q 

-4^"^ = ^ E CkUx sin(27rA;\/x) cos(27rA:K), (3.22) 

^^ k 

where Ck = ni=i 2 sin(7rA;f j) if the gauge groups Ga and U{l)x live either both on the D9- 
branes or both on the D5-branes |P. In this case one has (C^)^ = fk if the k-th sector has no 
fixed planes and C^ = else. An explicit calculation of the various C^'s for the considered 
models shows that Ck = —\fTk for the sectors k < N/2 of all models, except the k = 3 sector 
of Zj and the k = 5 sector of Z12. This is related to the fact, that these two sectors furnish 
antiparticles, whereas in all other cases the antiparticles come from k > N/2, as we saw in 
the previous section. Let us define e^ = 1 for the third sector of Z^ and the fifth sector of 
Z12 and efc = — 1 for all other sectors. Then we have 

Ck = ^ky fk- (3.23) 

If Ga and U{l)x live on different types of branes (this is called the 95-sector), then Ck = 
2sin(7r/cf3), where it was assumed that the D5-branes are extended in the four- dimensional 
space-time and in the third complex plane and are at the origin in the first and second 
complex planes. It turns out that the only contribution to A^""' from twisted sectors with 
fixed planes is from the 95-sector and is only in the k = 2 sector of Zg non-vanishing. In the 
previous section we saw that there are six antisymmetric tensors from this sector associated 
to the second plane. But only three of them can couple to the D5-branes because they are 
associated to fixed planes located at the origin in the first complex direction. In analogy 
to ( PTnp we therefore define BJ^J = (1/^3) E/=i ^i^^ (and £2 = 1). In the A; = 3 sector 



of Z12 there are two more antisymmetric tensors, associated to the third complex plane. 
They do not seem to couple to the D5-branes. From (|3.18|) one therefore finds that all gauge 
anomalies are cancelled if 

It seems difficult to obtain the separate values of the coefficients C2 and C3 because, under a 
field redefinition B^J'J -^ ctBJI'J, these coefficients scale as C2 — > ac2 and C3 -^ c^/a. If one 
chooses a normalization such that the term in front of | tr(FF) in ( |3.20| ) is 



^5:0('='^)e,tr(7,.Aj,)) = ^ ^0^^,/^ cos(27rfcK), (3.25) 

kj k 

then C2 = a'/2N. The string tension a' is inferred from dimensional analysis (recall that 
(j) has dimension of mass squared). A careful determination of the coefficient appearing in 
( p.lTp should then yield C3 = — l/(87r^a') to satisfy the condition ( |3.24| ). 



^A factor 2 compared to the result of [g| is due to our choice of normalization of gauge group generators, 
tr(A'A^) =5'^. 
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3.2 Supersymraetric case 

The supersyinmetric generalization of the auxihary Lagrangian ( p.l|) is 

£' = J d^ed^e (^Y^ + YL + AbsV^^^l] , (3.26) 

where F is a real but otherwise unconstrained superfield, V^^^-* is the vector multiplet cor- 
responding to the U{l)x gauge symmetry and L is a (modified) linear multiplet containing 
the antisymmetric tensor field strength. In components one has (see eqs. ( |A.3| ), ([A.8|) of 
appendix A) 

L = I + 9x + 9x + 0(7^^911^ + ..., (3.27) 

with H^ = le.^p^d-B^'^ + h'i^Q^^l 

It satisfies the constraints 

V'^L = 2l)f tr(W^(")W^('^)), V'^L = 21)^^^ ii{W'^''^W^''^), (3.28) 

where T>^ = T)°'T)a, & = 'Da'D" are the supercovariant derivatives and Wjf"^ is the chiral 
field strength multiplet associated to the gauge symmetry Ga- These equations are the 
supersymmetric generalization of the modified Bianchi identity d^H^ = ^b2 ^^{F^°'^F^"'^), 
which follows from (|3l 



Again two equivalent descriptions can be obtained from ( p.26| ) by varying with respect 
to Y or L. 



[1) From SyC = one finds Y = —2biL and, inserting this into ( p.26|) 



£^= f d^9d^9 (-hiL^ + AhV^^^L) , (3.29) 

with V^L = 2bi^hT{W^''^W^''^), &L = 2^"^ tr(Vr(") VT (<*)). Expanding this Lagrangian in 
component fields (see eqs. ( [A.10| ), ( [A.13D ), one finds that the bosonic part coincides with 



the Lagrangian (|3.8| ) if we set the additional boson / to a constant value (/) and identify the 
gauge coupling constants as g7^ = 26162 (0- 

(2) The variation with respect to L is more subtle because it is a constrained superfield, 
satisfying ( p.28|) . A modified linear multiplet can always be written in terms of unconstrained 



superfield spinors ^", ^a and a 3-form multiplet fi containing the Chern-Simons 3-form (see 
e.g. [ly, ^), such that L — Q contains no couplings to gauge fields and satisfies the usual 
linear constraint V'^{L - n) = ^{L - n) = 0: 

L = I?°p2^„ + V^V^C + ^, (3.30) 

with V^n = 265''Hr(iy(")iy('^)), V^Q = 26^"^ tr(iy('')iy(")). An integration by parts and 
variation with respect to ^, ^ leads to 

V'^V^{Y + 463\/(°)) = = V^V^{Y + 463V^(°)), (3.31) 
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which is solved by 

Y = S + S - AbsV^'^^ (3.32) 

where S is an arbitrary chiral superfield, with components S = s + \/29ip + OOF + iOa^Od^s + 
lV2000a^df,'^+l0000as. If we identify Im(s) = 0, then (^^^ reads Y = .. .-AOa^'Oild^cj)- 
h^A^^') + . . ., which is the generahzation of ( p.9|) . The normahzation is chosen such that the 
Lagrangian shown below has canonical kinetic terms if 61 = 1. The sign of S* + S^ in ( p.32|) 



cannot be fixed; our choice is analogy to the low-energy effective action of the heterotic 
string (see below). Inserting (|3.32| ) into ( p.26|) and using the identity / dPO SL = —^SV'^L = 



-Ibi^'^StiiW^^^W'^^^), one finds 

-- fd^O b^^^StT{W^'''>W^''^) - - I d?Oh^^^Sii{W^''^W^'''^). (3.33) 

The bosonic part of this Lagrangian coincides with ( p.lO|) if we set the additional boson 
Re(s) to a constant value and identify g7^^ = —2b2 {R^{s)) (for consistency one must have 
bt\Re{s))<0). 

In the low-energy effective theory of string theory one has a logarithmic Kahler potential 
for the dilaton superfield. We therefore introduce the auxiliary Lagrangian 

C" = I (fO(fO (-61 ln(r/6i) + FLdii + Ab^V^'^^ U^ . (3.34) 

In exactly the same manner as above one derives the two equivalent descriptions. 
(1) From dyC" = one finds Y = fei/Ldn, which (using / (POcPO 61 = 0) leads to 

£^dii = j ^2q^2q ^^^ i^(^^.^) ^ 4631^^°^ Ldii) , (3.35) 

with P^Ldii = 26^"^ tr(iy(")iy(")), V'^La^i = 26^"^ tiiW^^W^"^). An expansion in components 
(see eqs. ( |A.1(J| ), ( |A.13| )) shows that (in the limit where gravity decouples) this is part of the 



effective Lagrangian for heterotic string vacua in D = 4 with gauge group G = Yia^a- It 
describes the NSNS 2- form B^j^^, the dilaton (p in the lowest component of Ldu, Ida = e^'^, 
and the gauge fields. 

(2) Writing L^n again as in (|3.3CI|) and varying with respect to ^, ^, one finds Y 



Sdi\ + Sdii — 4:b3V^^\ as in eq. (|3.32| ). Note that the sign of Sda + Sdn in Y is fixed because we 
want to identify S'dii with the chiral dilaton multiplet, which implies Re(s) > and 62 < 0- 
Inserting Y in ( p.34|) yields 



C^'^'^ = - I SO(fO 61 In (5dii + 5dii - 463^^°^^ 

-- I (fO b^^^ Sd^iTiW^^^W^"^) - - I dPdb'i'^Sd^tT{W^"-^W^''^). (3.36) 

This dual description of heterotic vacua is more familiar because it is easier to deal with a 
chiral superfield than with a linear multiplet. As mentioned above (in the paragraph below 
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( p.l3| )), in the heterotic string the coefficient 62 is universal up to the Kac- Moody level k^"''': 
62 = —k^"''a' /A. We identify ys = e~'^'^ + ia, where if is the dilaton and a the scalar field 
dual to the antisymmetric tensor. This leads to gauge couplings g^a) = e^'^'^ /vk^. 

From the kinetic terms for S'dii one sees that, under a U{l)x gauge transformation V^^^ -^ 
V^'^^ + ^(A + A), S'dii transforms as S'dii — * S'dii + 263A. The variation of the Lagrangian is 
thus given by 

5^/:5dii = f d^e A I ^ - 4"^63 I tTiW^^^W^^^) + h.c. (3.37) 

J \327r^ J 

This vanishes if the condition ( |3.13| ) is satisfied, which, as we saw above, does indeed happen 
for heterotic string vacua in D = 4. 

In type IIB orientifolds one has several linear multiplets L^'''^> from the twisted sectors, 
where k = 1, . . . , ^^^ , f = 1, . . . , fk (not all of them are independent). In generalization 
of ( |3.14 ) we define the linear combinations 

lW = ^^L('=J). (3.38) 

The supersymmetric generalization of the Chern-Simons coupling ( |3.15| ) reads 

p2^W = 2c2Cfctr(7fcl?('*)iy('^)), &L^''^ = 2c2Ckti{^kW^''^W''''^). (3.39) 

Here Ck = ni=i 2 sin(7rA;t>j) for all sectors except the second sector of Zg, where Ck = ^/S. 
The coupling ( |3.17| ) of the linear multiplet to the anomalous U{l)x takes the form 

4c3tr(i7fc\/(°))L('=). (3.40) 

Again the traces over the product of 7^ with the gauge group generators can be calculated 
and lead to the identification 62 ' = C2CA:Cos(27rA;K), 63 = 2nxC3 sin(27rA;Vx), exactly as 
in the purely bosonic case, eq. ( p.l8| ). 

Assuming a quadratic Kahler potential for the twisted fields, we find, in direct general- 
ization of ( |3.29| ) and ( |3.33| ), that the effective theory describing the linear multiplets 

£i = /■ d'9d''9 Y. {-biiL^'^y + 46('=V(o)l(^')) , (3.41) 

with V^L(^^ = 26^'''''^tr(iy('^)iyW), V^L^^^ = 26^*^'°^ tr(iyWiy('^)), can equivalently be de- 
scribed in terms of chiral superfields M^*^); 

£^ = y'ci2^d2^^^(MW + M('=)-44'=V(°))' (3.42) 

1 k 

_i fd'0 ^6f''=)M('^)tr(iy('^)iy(")) -- j (fd ^6^')M('=)tr(iy('^)iy('^)). 

From the transformation law under U{l)x gauge transformations, 

y(o) ^ v^{o) + i(A + A) ^ mW ^ M(^-) +26f^A, (3.43) 
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one sees that the variation of the Lagrangian is 

5a£*^ = fd^9A (^ - E^2''"^4'^l t^W^^'^W^^^) + h.c. (3.44) 

J \32n ^ J 

The condition for gauge anomaly cancellation is therefore the same that was found in the 
purely bosonic case (|3.21| ). 

Let us now analyze the question which twisted fields can contribute to anomaly cancel- 
lation. The twisted sectors with no fixed planes are commonly denoted as A/" = 1 sectors 
and the ones with fixed planes as A/" = 2 sectors. As we saw in section 2, all the fields 
from the A/" = 1 sectors are in A/" = 1 linear multiplets. The mechanism described above 
works well for the fields from the A/" = 1 sectors. The twisted fields of the Af = 2 sectors 
fit into Af = 1 chiral and M = 2 hyper, linear hyper and vector-tensor multiplets. We can 
think of the M = 2 sectors as follows. If the fc-th twisted sector has a fixed plane, then 
gcd(fc, A^) 7^ 1. Consider the Z^ orientifold, with m = N/ gcd{k,N), generated by 6'^. This 
leads to A/" = 2 supersymmetry in D = A (compare the discussion in footnote |^). In partic- 
ular, the gauge fields are in A/" = 2 vector multiplets, the untwisted matter fields in hyper 
multiplets and the twisted fields in hyper and vector-tensor multiplets. This constrains the 
possible couplings. The projection on Z^Tv-invariant states eliminates some of the fields (e.g. 
the the scalar partners of the gauge fields are projected out), but the remaining terms in 
the Lagrangian are inherited from the Af = 2 theory. Now, it is important to note that in 
the Af = 2 Zm theory all of the twisted fields in linear multiplets belong to vector-tensor 
multiplets. In the Af =\ Z^ theory some of the vectors are projected out, but their linear 
partners still couple as required by A/" = 2 supersymmetry. In [^ it was shown that in an 
Af = 2 supersymmetric theory only fields belonging to vector multiplets can couple to the 
gauge kinetic terms. Therefore a coupling M^^' ii{W^"''W^°'') as in ( |3.42| ) is only possible 
if one either has only Af = 1 supersymmetry (i.e. no fixed planes) or the M '^'^^ belong to 
Af = 2 vectors, which means that their duals L^'^^ are in Af = 2 vector-tensor multiplets. 
We conclude, that besides the linear multiplets from the A/" = 1 sectors all the linear multi- 
plets from the Af = 2 sectors, but none of the chiral multiplets, can contribute to anomaly 
cancellation. Otherwise stated, fields from all twisted sectors except the k = N/2 sector can 
contribute to anomaly cancellation.^ As we noted above these fields suffice to cancel all the 
[/(I) anomalies in D = 4, Af = 1 type IIB orientifolds. 



4 Kahler anomalies 

In compact factorizable orbifolds of the heterotic string the tree-level Lagrangian is invariant 
under n^=i SL{2, lR)j transformations acting on the Kahler moduli Tj as 

T. - ^§^, with f"^ ^' |G5L(2,1R).. (4.1) 



,{k,a) 



Va is of the form K = ^f^, with j G Z (see H 



^It is interesting to note that the coefRcient 62 '" i^ ( 3.18 ) vanishes for k = N/2, because, for even N, 

2N 
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The Kahler potential for the Tj, K^'^^ = —J2i ln(Tj + Tj), transforms as 

K(t) _ ir(^) + ln(zQT, + rf,) + ln(-zCifi + rfi), (4.2) 



i.e. the kinetic terms of the Tj are not modified (( |4.2| ) is a Kahler transformation). At 
one-loop one finds an anomalous variation of the Lagrangian (|3.36|) [p4| , ^ , ^ 



5^f;:;'-ioop = ^ / rf'^ E &a ln(^QT, + rf.) tr(H^('^)l^('^)) + h.c. (4.3) 

The anomaly coefficients 6^* are defined by 

b': = -T{Ga) + E^(^a)(l + 20, (4.4) 

Ha 

where the sum is over all fields charged under Ga (transforming in a representation TZa) and 
the modular weights n)^ can be read off from the Kahler potential of the charged fields $,., 
which to second order in $,. has the form 

3 

^matter _ ^ J^^j., ^ f .)<$^$^. (4.5) 

r i=l 

However, the variation ( [4.3| ) is cancelled by an opposite variation of S^w like in the case of 
f/(l) gauge anomalies. The authors of ^6] found that at one-loop the effective Lagrangian 



for the linear dilaton multiplet (|3.35| ) contains an additional term 

/ dH(fe -^ J2 ~bi HT^ + T^Ldii, (4.6) 

whith b'^ = k^"'^b\. The dual Lagrangian ( |3.36[ ) is then modified to 



+ j I d^e A;(")^diitr(Vr('^)l^('^)) + ^ /rf^^ A;('*)5diitr (!?('*) ly^"^)). (4.7) 



We replaced 62 by its value —^k^°''> (in units of a' /2). This leads to the transformation law 

5dii ^ 5dn-^E^aln(^c,T, + rf,) (4.8) 

under (|4.1| ) and cancels the anomaly. (For a detailed discussion of Kahler anomalies and the 
restrictions they impose on heterotic string vacua see [pl[]). 

The tree-level Lagrangian of D = 4, A/" = 1 type JIB orientifolds shows the same symme- 
try under IlLi 5'L(2,lR)j transformations and again there are one-loop anomalies. In |]^ it 
has been proposed that the anomalies can be cancelled by the same mechanism that cancels 
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f/(l) gauge anomalies via exchange of twisted fields M^^\ To cancel also the Kahler anoma- 
lies these fields need to transform under the Kahler transformations ( |4.1|) . In the description 
in terms of linear multiplets this amounts to additional terms 

f d^eSe ^ Y. «t HTi + fi)L^''^ (4.9) 

in the Lagrangian ( p.41 ) such that 

E26^'^)a^, = -&^ (4.10) 

k 

The Lagrangian for the chiral multiplets (|3.42|) is then modified to 

C^ = |d2^d2^^^|'M('^) + MW_46f)y(o)_^^4ln(T, + fi)'j (4.11) 

_1 I Se ^4"'')M(^)tr(iy('^)W^(")) -- fd^e ^6^')MWtr(iy('^)H^('^)), 

which leads to the transformation 

mW ^ M«--^^a^ln(^c,T, + ci,) (4.12) 

under ([4.1|) and cancels the anomaly. Let us again make a remark on mass dimensions. In 
our conventions L^^\ V'^^'^ and Tj are dimensionless superfields, M'^^\ bi, 63 and al have 
mass dimension 2, 63 '"^ has dimension —2 and M/*^") has dimension 3/2. 

It is interesting to introduce the composite U{1) connection associated to Kahler trans- 
formationsQ 

4"^ = 7 (^d,T, - ^d.z] . (4.13) 

f" 4 \dTi ^ dTi ^ I ^ ' 

The field strength associated to this connection (with K = —Yl,i lii(Ti + %) + ...) is 

T?(K) ^ 1 dfj^TjduTi — dyTjd^Tj (a'\a'\ 

^'^ 2 (T, + f,)2 • ^ • ^ 

An expansion of (|4.9| ) in components, eq. ( A.14|) , shows that it contains the term 



3 1 3 



/^'^^'^"AE«Un(T.+f,)L('=) = -i^^aU^F(^)i?('^)n + •••, (4-15) 

where we used a partial integration for the term HJ^^^ d^lia(T) / {T + T). This result is just 
the analogue of the coupling ( |3.17D between the twisted RR- fields and the U{l)x gauge fields 



*A general definition of the composite Kahler connection is given in |32 , chapter 23; the application to 



Kahler anomalies is discussed in 124, 30 
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living on the D-branes, with o].iF^^^ corresponding to tii^kiFJ^^J) and C3 = l/Svr^. Up to 
factor of —a', which is imphcitly contained in a\, this is the same normahzation as the one 
chosen at the end of section 3.1. 



b': 



In it was shown that the anomaly coefficients h'^ indeed factorize as required in (|4.1CI| ): 

1 N-l 



— 5]atcos(47rA;V;) 

fc=0 



(4.16) 



with 



ttfc 



rjk 



-CkiBAiiTckVi) 



'-If ifiV = 6 
'_l)fc/2 if A^ = 12, k 



even 







ii N = 12, k odd 



For odd A^ this can be transformed to 

2 (^-i)/2 
K = J7 E «|cos(2vrA;K), 

k=l 



with k 



i=l 



if A^ odd 



VkC^k cot(27r/cf j) — Ck cot(nkvi) + 5\2rik^^ cos(27rA;f 3) if A^ even 



Cfc = J]^ 2 sin(7rA;t>j). 



I if fc even 
^ iffcodd 



(4.17) 



Comparison with (|4.1(]|) gives 



-ai 



ai. 



C2CkN 



±tan(7rfcfj) 



,{a,k) 



(4.18) 



where we used 62 = C2Ck cos(27r/i;Va) from ( p.l8| ) and Ck = iC^ which is valid for all odd 
A^ orientifolds. The sign in (^4.18|) is + for Z^ and Zj, k = 2, and — for Z7, k = 1,3. 

For even A^ (|4. 16|) can be transformed to 

N/2-1 



24 2 

T^^3 + T^ E «^os(4vrfcK). 
fc=i 



(4.19) 



Two conclusions can be drawn from this expression: First, only for even k is al in ( [4. 101 ) 
non-vanishing . Second, the anomalies corresponding to the third complex plane cannot be 
cancelled by the exchange of twisted fields M^''\ because their coupling to the field strengths 
triW^'^^W^"'') is proportional to cos(2'7r/cVa), which is only for k = N independent of Va (one 
has Va = ^^,j £ Z). The best way to compare the expression ( |4.19| ) for b'^ with eq. ( [4. 101 ) 
is to consider each orientifold separately. We find 

Zg: b2=A6l~{2 + 26l)cos{A-KVa), 
Z',: b':=46l + {2 + 46!,)cos{47rVa), 



^12 : b2 = 261 + 3 v^(l - 2^2 - '^3) cos(47rK) 



;i+<5^)cos(87rK). 
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Comparing this to ([4.10| ), one obtains, for i = 1, 2: 
Ze : a\ = 0, a^ 



3^802' 
K ■■ «i = 0, a^ = ^^^i^, (4.20) 



V3 



C2 



Z12 : a\ = 0, ai = -^ ^, ^ = 0, a^ = -7=^, Og = 0- 

o C2 6v 3 C2 

This shows that all Kahler anomalies, except those associated to the third complex plane 
in even N orientifolds, can indeed be cancelled by the mechanism proposed in 0. Whether 
the crucial coupling coupling ( ^I9| ) indeed occurs and whether the coefficients a^ really have 
the required values, should be verified by an explicit string calculation. 

There is good reason to believe that the couplings ( |4.9| ) are generated with the correct 
coefficients. In four-dimensional heterotic string vacua, there is an exact symmetry, called 



T-duality, which acts on the moduli Tj as the Kahler transformation ([4.1|) but with integer 
coefficients ai,bi,Ci,di. The Green-Schwarz mechanism guarantees that this symmetry is 
preserved at the quantum level. Because of heterotic- type I duality (see e.g. [^]) the same 



should be true for type IIB orientifolds. The type I moduli Tj are defined by |T^, |34 



Ti = -r-^, + ^C'(2)2i+2,2J+3 5 (4-21) 

where Ri is the radius of the i-th torus, C(2)jj- are the internal components of the ten- 
dimensional RR 2-form and A/ = e'^ is the ten-dimensional type I string coupling. Under 
the duality mapping given in [^ the type I Tj are mapped to the heterotic Tj, defined by 
Ti = R'f / a' + iB2i+2,2i+3- The heterotic T-duality should therefore be realized as a symmetry 
of four-dimensional type I vacua (and in particular of type IIB orientifolds) acting on the 
type I moduli Tj as the IlLi SL{2, Z)j subgroup of (^?1|). Note that on the type I side, this 
symmetry is not T-duality.| 

If D5-branes are present in the considered orientifold, the above reasoning has to be 
slightly modified. The field strengths corresponding to the gauge fields living on the D5- 
branes do not couple to 5'dii but rather to T3 (here we assume that the D5-branes are extended 
in the four non-compact dimensions and in the third complex plane). The corresponding 
term in the Lagrangian is 

/"rf20T3tr(iy("'^)iy('''^)) + h.c. (4.22) 

Clearly, the SL{2, Z)^ subgroup of ( [4.1| ) is explicitly broken by this coupling. Therefore one 



cannot expect the Green-Schwarz mechanism to work for the Kahler symmetries associated 
to the third complex plane if D5-branes are present. The existence of D5-branes in type 



^T-duality in type I vacua exchanges different types of D-branes. From tlie T-duality rules derived in Q 
one sees that it also exchanges the three T,; and the type I dilaton multiplet S'dii- This is clearly different 
from (4.1). 



IIB orientifolds is intimately linked to the existence of an order- two twist. If the considered 
orientifold contains an order-two twist, then tadpole cancellation requires D5-branes that 
are extended in the complex plane which is fixed by this twist. Thus, whenever a complex 
plane is fixed under the action of ^^/^, then the Kahler symmetry associated to this plane 
is explicitly broken. 

There is a striking difference between the cancellation of Kahler anomalies in heterotic 
and type I vacua. In the heterotic string, only the anomalies in the A/" = 1 sectors (i.e. the 
sectors without fixed planes) are cancelled by a Green-Schwarz mechanism. The anomalies 
in the M = 2 sectors are cancelled by a T, dependent one-loop correction to the gauge kinetic 
function. The authors of ||35[ calculated the one-loop correction f^^^ to the gauge kinetic 
function / (as defined in ( [B.l| ), see ||3^ for a pedagogical presentation) for D = 4, A/" = 1 
heterotic orbifolds. They find 

f^'^ = ^,j:bT='^wm. (4.23) 

Because of the transformation property of the Dedekind ?]- function under ( [4.1| ), r]'^{iTi) -^ 
{iCiTi + di)rf{iTi), the 11^=1 SL{2, Z)j symmetry is restored at the quantum level. 

In contrast to this, the gauge kinetic function of type I vacua can only depend linearly on 



the Ti 12^. This can be understood from the fact that the imaginary part of Tj in eq. ( [4.2 1|) 
is a RR-field, which leads to an invariance of the action under a Peccei-Quinn symmetry 
Ti ^ Ti + itti. As a consequence, the mechanism for the cancellation of Kahler anomalies in 
the Af = 2 sectors in type IIB orientifolds must be different from the mechanism that achieves 
anomaly cancellation in heterotic orbifolds. Indeed, we saw abow that the generalized Green- 
Schwarz mechanism also works in the A/" = 2 sectors of type IIB orientifolds. The only 
orientifold that has fixed planes under a twist 6^, with k ^ iV/2, is the Zg orientifold. It 
would therefore be interesting to obtain the coupling ( |4.9| ) for the k = 2 sector of Zg from 
an explicit string calculation to see if the Green-Schwarz mechanism works in the expected 
way. If the Kahler anomalies associated to the second complex plane of Zg are cancelled 
by the mechanism described above, then the complete SL{2, 1R)2 symmetry is preserved at 
the quantum level. This differs from the situation in the corresponding Zg orbifold of the 
heterotic string where the classical SL{2, 1R)2 symmetry is broken to SL{2, Z)2 by quantum 
effects. Presumably the SL{2, 1R)2 of the Zg orientifold is broken to its discrete subgroup by 
some non-perturbative effect. 

The authors of |]^ find that there are also mixed Kahler-gravitational anomalies propor- 
tional to the coefficient 6* ^^^ = 6*i + 6* . The first contribution is from closed string modes 
and the second from open string modes. It turns out that the open string contribution can 



be cancelled by the twisted fields M*^*^-' transforming as in ( [4.12|) . But the 6*i contribution can 



only be cancelled by a transformation of the type I dilaton S^ii under Kahler transformations: 

^dii -- ^dii-^E^ciln(^c,T, + d,). (4.24) 
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The Kahler potential of the dilaton is therefore modified to 

- J d^e<fe In (s^^ + Sdii - ^ E ^ci HT^ + r.)) • (4.25) 

As noted in |^ the additional transformation of ^dii does not spoil the Kahler anomaly 
cancellation described above, because the coefficient 6*1 is of higher order than a\. in the 
string loop expansion. 



5 Fayet-Iliopoulos terms 

The generalized Green-Schwarz mechanism described in the preceeding sections cancels the 
gauge and Kahler anomalies, but it also gives mass to the gauge bosons (of the anomalous 
[/(l)'s), thus breaking gauge invariance. In addition, it generically leads to a non-trivial 
contribution to the D-term of the (pseudo-) anomalous vector field. This contribution is called 
Fayet-Iliopoulos term and it induces non-vanishing vacuum expectation values for some of 
the charged fields. (Fayet-Ilipoulos terms in type IIB orientifolds have been discussed in 
191.) 



The Lagrangian describing the interactions of the dilaton ^dii, the untwisted moduli T, 
the twisted moduli M'^'^^ and the gauge fields of type IIB orientifolds is obtained from ( |4.11 
O) and (^1251) : 



C = Jd^ed^e(-\n(sdn + Sdn-^j2KMT^ + f,)\ (5.1) 

1 fc \ i=l 

-\j d^O tenSdii + E4"''^^^'^)tr(W^('^''^W^^'^'')) + h.c. 

-- j d^e fers + ^4''''=)M('=)'jtr(iy('^'5)iy('^'5)) + h.c. 

The coefficient 4?dii is defined by P^Ldn = 2h^^l^^ii{W^''''^^W^''^'^^). As in the low-energy 
effective action of the heterotic string, this coefficient is uniquely fixed by the supergravity 
algebra m. D = 10. In the conventions of |^ one has 62dii — ~Q^V(2\/2)- The indices 



9 and 5 on the field strengths IV^") indicate on which type of D-branes (9-branes or 5- 
branes) the corresponding gauge fields live. The coupling of T3 to the D5-branes cannot 
be understood from linear/chiral multiplet duality, but its coefficient can be determined by 
perfoming a T-duality transformation which interchanges D9-branes and D5-branes. This 
yields 63 t = ^2dir Usually the chiral dilaton multiplet is defined to be the coeffcient of 
^tr(14^1^). This is obtained by redefining 5'dii — ^ {a' / \/2)Sd\h 
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From the results ( p.7| ), ( |B.8| ) of appendix B, one easily finds the Fayet-Iliopoulos term 
0j and the gauge boson mass uia for an anomalous U{l)x embedded in U{nx) living on 
the D9-branes (the result for a D5-brane f/(l)x is obtained by replacing S'dii by T3): 



^E4'^(^^'^l + ^^'^|-^E41n(T.|+f.|)) 



e^i = -f E^3 (mW| + mW|-— E41nmi+T,|)), (5.2) 



V^,,(.),2 4n|cl(iV-py .. if AT odd 

m^ = 1— E(^3 ) = 7 , withp=<^ , (5.3) 

^1 fc ^1 2 if A^ even 



where 



g-' = Re(/) = i(^dii| + ^diil) - E&P^(^^'^I + M^'^D- (5-4) 

A vertical slash denotes the lowest component of a superfield. In the second equality of (|5.3| ) 
we replaced 63 by its value determined in ( ^.18| ). The index X refers to U{l)x- The coeffi- 
cients 61 and C3 are both proportional to a'~^ = Mj.j.. Thus, the (pseudo-) anomalous gauge 
bosons have masses comparable in size to the typical masses found in heterotic orbifolds. In 
the normalization bi = a'~^, C3 = — (Stt^q;')^^, we find 

< = -,9'Ml, (5-5) 

for the two odd A^ orientifolds, with /i = 27, 7 for Z3, Z-j. The Fayet-Iliopoulos term for 
Z2, reads (in the same normalization) 

a, = ^9 (m<"i + m -^,Y.Hn + f.i)] . (5.6) 

At the supersymmetric minimum the D-term ( [B.6[ ) vanishes. As explained in the ap- 
pendix B, this relates ^|j to the vacuum expectation values of the charged fields. If we 
assume canonical kinetic terms and minimal coupling to the gauge fields, ^rC^^''^*!',., for the 
charged fields $,., then the Fayet-Iliopoulos term is given by 

ili = 9T.^Mr?. (5.7) 

r 

In most orientifold models there exist no fields which are charged under U{l)x but neutral 
under the non-Abelian gauge group factors. Therefore a non- vanishing ^|j implies a breaking 
of the non-Abelian gauge symmetry by the Higgs effect. As noted in |3^ this differs from the 



situation in heterotic orbifolds, where non-Abelian singlets charged under U{l)x generically 
exist. A second difference to heterotic vacua is the possibility of having a vanishing Fayet- 
Iliopoulos in type IIB orientifolds 0. This is possible because of the dependence of ^^i o^ ^^e 
expectation value of the twisted fields. For type I vacua that are obtained by compactifying 
the ten-dimensional theory on a smooth Calabi-Yau manifold instead of an orientifold there 
is no such dependence on twisted fields. Indeed, it has been shown in PT| that the Fayet- 



Ihopoulos in smooth type I vacua has exactly the same form as in heterotic vacua. It is 
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proportional to the universal anomaly coefficient A and given by ^ficy — •^d^^str/^^'^'^^- 
Comparing this to the result for orientifolds, we see that the anomaly coefficient A is split 
into a sum of contributions from the different twisted sectors, as in ( |3.21| ). 

If we insist on unbroken non-Abelian gauge symmetry, then in most orientifold models 
we must require ^pj = 0. This relates the expectation value of the M*-*^-* to J2i ln(Ti + T,). In 
the simplest example of the Z^ orientifold, one has from (^.61) 



M«|+M«| = -^^ln(T,|+f,|). (5.8) 

The blowing-up of the orientifold, however, is related to the expectation values of the lowest 
components of the linear multiplets L^^\ From the discussion in sections 3 and 4, it can 
be seen that in terms of linear multiplets the Fayet-Iilopoulos term ( ^.2|) is given by ^|j = 
— f- J2k bs L^^'l- Therefore, a vanishing Fayet-Iliopoulos term corresponds to the orientifold 
limit. 



6 Conclusions and outlook 

We have seen that the duality between linear and chiral multiplets provides an easy way to 
understand anomaly cancellation in D = 4, A/" = 1 type IIB orientifolds. Due to the existence 
of RR forms there appear antisymmetric tensors (embedded in linear supermultiplets) in the 
twisted spectrum. Their coupling to the gauge fields on the D-branes leads to a non-trivial 
transformation under the (pseudo-) anomalous gauge symmetry of the scalars (embedded in 
chiral supermultiplets) which are dual to these antisymmetric tensors. This transformation 
cancels the anomaly. The crucial twist-number non-conserving couplings, which are not 
present in heterotic orbifolds, are possible in type IIB orientifolds because the corresponding 
world-sheets have boundaries and/or are non-orientable. 

It is interesting to compare type IIB orientifolds to heterotic orbifolds. There are several 
differences, a better understanding of which could lead to a deeper insight into heterotic-type 
I duality |3^, |39|. In D = 4, J\f = 1 heterotic orbifolds, ^(1) gauge anomalies are cancelled 



by a Green-Schwarz mechanism involving only one linear multiplet: the dilaton superfield. 
This is possible because of the universal nature of the anomalies. The non-universality 
of the anomalies in type IIB orientifolds is accounted for by several linear multiplets that 
contribute to anomaly cancellation. However their expectation values are not related to the 
string loop expansion but rather to the blowing-up of the orbifold singularities. This has 
interesting phenomenological implications. Whereas in heterotic orbifolds the value of the 
Fayet-Iliopoulos term is uniquely determined once the expectation value of the dilaton is 
fixed, the same term in type IIB orientifolds depends on the expectation value of the twisted 
moduli and can even vanish in the orientifold limit. 

In heterotic orbifolds, the gauge kinetic function receives Tj-dependent threshold correc- 
tions from the M = 2 sectors. These are crucial to cancel the anomalies in the discrete Kahler 
symmetries associated to fixed planes. From general arguments such Tj-dependent thresh- 
old corrections cannot exist in type IIB orientifolds, because of a Peccei-Quinn symmetry 
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related to the Tj [^. As a consequence, the continuous SL{2,]R) Kahler symmetries asso- 
ciated to fixed planes of type IIB orientifolds are either completely broken by the anomaly 
or completely preserved by the Green-Schwarz mechanism. In this article we showed that 
the Green-Schwarz mechanism works even for the fixed planes (which are not fixed by an 
order-two twist), but the precise coefficients of the required couplings have to be determined 
by an explicit calculation. A break-down of the continuous Kahler symmetries to their dis- 
crete subgroups seems to require some non-perturbative effect. In the M = 2 sectors of 
heterotic orbifolds there are additional gauge group independent corrections to the gauge 
kinetic function [^, ^ . It would be interesting to see if such corrections are also present in 
type IIB orientifolds. By the argument given above, they can however only depend on the 
Ui but not on the Tj to all orders in perturbation theory. 

The twisted spectrum of some type IIB orientifolds contains vector fields. The corre- 
sponding gauge symmetry is inherited from the gauge invariance of the RR forms. But it is 
not clear what is the role of this gauge symmetry in D = 4. In heterotic orbifolds this does 
not happen. There, all twisted states are in chiral multiplets. Unfortunately, no heterotic 
dual is known for the Zg or Z12 orientifolds, which possess twisted vectors. 
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Appendix 

In this appendix some useful results of A/" = 1 supersymmetry are summarized. We use 



the notation and conventions of |3^ 



A Linear Multiplets 



An A/" = 1 linear multiplet L is defined to be the most general real superfield which satisfies 
the constraints 

V^L = &L = 0, (A.l) 

where 



d -■ - d 



^c. = t;^ + lo'^J'^d,, V^ = --^ - lO^ard^, (A.2) 






are the supercovariant derivatives. The solution of (|A.1D has the component expansion 



L = i + ex + ex + eaf'eH^+'-e9d^x(^''e-'-ma''d^x-\oooooi, (a.3) 

with d^H^ = 0, 

where / is a real scalar, x a Weyl spinor, x its complex conjugate and if^ a conserved vector. 
The constraint on if^ can be satisfied by taking it to be the Hodge-dual of an antisymmetric 
tensor, if^ = \e^ypad'' B^" . For an arbitrary function K[L) one finds 



j d^ed^e K{L) 



IdK 



4 dl 



Ul - 



e=e=o 



4 dP 






+- 






XXXX- (A.4) 

9=61=0 



4 9/3 

Thus, a quadratic Kahler potential for L yields the usual kinetic terms for /, B^y and x'- 

- f d'^ed'^e L"^ = -Idf.Wl + \H^H^ - ixcr^d^x + total derivatives. (A.5) 

To describe an antisymmetric tensor whose field strength is modified by a Chern-Simons 
3-form as in (|3.4|) , d^Hf^ = ^b2tY{F^'^F^y), one needs a modified linear multiplet, which 
satisfies 

V^L = 262 tTiWaVV^), V^L = 262 triWWa,), (A.6) 
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where Wa is the chiral field strength multiplet corresponding to the gauge field that is 
contained in the Chern-Simons form, 



W^ = -iK + WD - -((T^a'^)/F^J Op + ea^ed^K + ^Ka {d.X^^ + ^[^m> ^" 



-]^ee{a^eUid^D - d^F^,) - '-eeemx^. 



(A.7) 



The constraint ( [A.6|) can be solved by setting L = Lq + 62^, where Lq is an unmodified 
linear multiplet (i.e. V^Lq = 'D'^Lq = 0) with component expansion as in (|A.tJ|) and 



n 



-2ie(TnT{\A^) - 2ieanT{\A^) + -eetiixx) + -99tT{\x) + ea^eq^ 



+eee [-i tr(DA) - a^a" tr [A^{d^,X + f [A^, A]) j + tT{Xd^A^ 
+m (itiiDX) - a^'a'^tT [A^id^X + ^[A^,, A])) + tr(A9'^A^) 



(A.^ 



+0000 (^__ tr(D^) + 2 tr [Xa'^id^X + t[A^, A]) j + - tr(F^'^F^,; 

Here Q^ is the Hodge dual of the Chern-Simons 3-form Q^^p = ^T^iA^^d^Ap] — ^A^^Aj^Ap^), 
and the traces are over the adjoint representation of the gauge group. It is easy to check 
that 



&Q 



-2tr(AA) -4^ (itT{DX) + ^a^a'^tr(F^^A)') - 4i^(T^^tr(A9^A) 

+ee (2 tr{D^) - At tr {Xa^^id^X + t[A^, A])) - tr(F'^"F^,) - t tr(F'^"F, 

+e9dp (2 tr((T^a''F^^A) - 2 tr(DA)) a^O - -60000 tr(AA) 
2tr(iy"iy„) 



(A.9) 



and analogously P^i^ = 2tT{WaW"'). Consequently, the constraint ( |A.6| ) is satisfied. The 
generalization of ( |A.4|) is given by 



d'0d'0 K{L) 
IdK 



(A.IO) 



4 di 



e=e=o 



4 9/2 



=e=o 



D/ + 62(2tr(Z}2) - 42 tr {Xa^{d^X + i[A^, A])) - tr(F^'^F^,) 
H,H^ - txcr^dp^ - iW^d^X - hi tr(AA) tr(AA) 



+h2x{2i tr(DA) + (T^a^ tr(F^,A)) + h2x{^i tT{DX) + a^'a" tr(F^,A) 



is^fs: 



4 9/3 



where X = X~ 2h2i(J^ tr(AA^). 



/V/V/vA.! 



e=e=o 
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We also need the coupling of L to an Abelian vector field V^^'' and to chiral and antichiral 
fields $i, <l>j. These have the component expansion (in Wess-Zumino gauge) 

<i>i = (Pi + V292Pi + z9a^9d^(Pi + 99F, - ^eed^iJia^'o + ]eeem<t)i, (a.ii) 



\/(o) = -^ff^^Afo) + i999X'^^^ - i999\^^^ + ^9999D^^l 



(A.12) 



We find 



J£9£9V^^L = ^A('^^H, -\x^^U^^^ +^xAW - ^^A^ + 1/^^/ (A.13) 



1^ 



^^(0)^.^ + IhA^'^^Q, - \w^Uf^ + \x\^'^ - ^f A(°) + \d^'H 



and 



Jd^9d^9 \n{<^ + ^)L = ln(0 + 0)('-^n/ -h2tT{D^) +^62tr(F,,,F 



+ 
+ ferniionic. 



FF ^ ^ g^0g^0 ^ 



+ 



+ 



(A.14) 



B D-terms of chiral models 

Consider a general Lagrangian depending on chiral and antichiral fields $i, '^i and on an 
Abelian vector field V: 



C 



d'9d^9 K{<^„ $„ V) + ^l d^9 f{<^i)W''Wa + \l d'9 f^Wo^W 



+ d''9Wi^i)+ d''9W{^i), 



(B.i: 



where the gauge kinetic function / and the superpotential W are holoniorphic functions of 
$j and the Kahler potential K is an arbitrary real function. The component expansion of 
$j and V was given in (|A.11|) , ( [A.12|) . Expanding the Lagrangian ( p.l|) in components (see 
e.g. 



C 



:-d, 



MV'*^ 'rj 



+ FiF, 



d^K 



^t^Y] 



- Im A^a 



d 



v=o 



^I'ri 



1 \ 


d 


-n 


K 


^ ) 


dV 



v=o 



1 92 

-A.A^—-K 
4 ^ 9^2 



6»=6»=0 



iRe(/(,>i))F,„F'"' + jIm(/(,#..))F^„F'»' 



+ fermionic, 



61=61=0 f^rj 



F,- 



e=6»=o 



(B.2) 
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one finds the equations of motion for tlie auxiliary fields Fi, D: 



d''K 



y=o d<pi 



^ - 2RK7W)|7^ - - ■ "5^^) 



=0 



We are interested in tlie case wliere one of tlie fields (say $o) appears as an axion like in 
the Green-Schwarz mechanism and the other fields ($4,2 7^ 0) couple to V in the usual way, 

K = ir($o + $0 + 463 V^, ^re^'-^'^i), f = /($o). (B.4) 

Substituting into (|B.2|) we find the component Lagrangian 03 



C = -K"[d^Re{(Po)d^Re{(Po) + Wm{<Po) + 2hA^){dnm{(Po) + 2hA^)) (B.5) 

i 

-\Re{f{(l>^))F^,F^^ + \\m{f{(l)o))F^uF^^ + K,jF,F, + VT.F, + iy,F„ 
+ fermionic, 

where a prime denotes the derivative with respect to 0o evaluated aty = = ^ = ^ and an 
index i on i^ or PF denotes the derivative with respect to 0j. The equation of motion for D 
now reads 

Re(/(0o)) i 



Comparison of (|B.5|) with a Lagrangian of the form (|3.10| ) relates /(0o) to the gauge coupling 



constant, g = /((0o))^^- To obtain the physical gauge fields, one has to rescale the vector 
field: V -^ gV.^ The vacuum expectation value of the first term in the rescaled expression 
for D, eq. ( |B.6[ ), is called the Fayet-Iliopoulos term: 

ill = , B.7 

/Re(/((0o))) 



(The square indicates that it has mass dimension 2.) At the supersymmetric minimum 
D vanishes, and therefore some of the charged fields acquire vacuum expectation values. 



Another interesting fact is that (|B.5|) contains a mass term for the gauge fields. After 
rescaling one finds 

Re(/((0o))) 



-"^"^More precisely, we write V = gV and express the whole Lagrangian in terms of the physical field V. 
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